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INTRODUCTION
In this paper we consider ring-theoretical properties of Rees and form
 .rings. Let A, m be a local ring and let I , . . . , I ; A be ideals. Then the1 r
 .multi-Rees algebra corresponding to I , . . . , I is R I , . . . , I s1 r A 1 r
w xA I t , . . . , I t , t , . . . , t being indeterminates and the associated graded1 1 r r 1 r
 .rings multiform rings are defined by
gr I , . . . , I ; I s R I , . . . , I rI R I , . . . , I , i s 1, . . . , r . .  .  .A 1 r i A 1 r i A 1 r
The aim of this paper is twofold. First we want to relate the
 .Cohen]Macaulay property of R I , . . . , I to the Cohen]Macaulay prop-A 1 r
 .  .erty of the ordinary Rees rings R I j s 1, . . . , r . Then we determineA j
the multiplicities of multi-Rees and form rings. In particular, we ask when
minimal multiplicity occurs.
 .  .For I s ??? s I s I the multi-Rees algebras R I s R I, . . . , I1 r A r A
 .behave to some extent like the ordinary Rees algebras R I . In particu-A
lar, the Cohen]Macaulay property of such multi-Rees algebras can be
characterized in terms of conditions on the local cohomology of the form
 .   ..   ..ring gr I including the condition a gr I - 0, where a gr I denotesA A A
 .  w x.the a-invariant of gr I see HHR 1 . The a-invariant has in certainA
 .  wcases been related to the reduction exponent r I of the ideal I see T2,
x.  .GH . Moreover, the Cohen]Macaulay property of R I implies that ofA
 .  w x.R I for all r ) 1. The converse is not true in general see HHR1 . ButA r
 .in certain applications the assumption R I is Cohen]Macaulay can beA
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 .replaced by the weaker one R I is Cohen]Macaulay for some r ) 1. InA r
our Theorem 2.2. we show that for an equimultiple ideal I of height
 .ht I ) 0 in a local ring A even the Cohen]Macaulayness of R I forA r
some r ) 1 implies that A is normally Cohen]Macaulay along I and
 . w  .xr I F ht I y 1; thus generalizing HIO, Theorem 45.4 . As an applica-
tion of this theorem we show that in small dimensions dim A s 2 or 3 the
 .Cohen]Macaulay property of R I for some r ) 1 in certain casesA r
 .implies the Cohen]Macaulay property of R I ; see Corollaries 2.4 andA
2.5.
If the ideals I , . . . , I are any ideals, it is not very well known to what1 r
 .extent the Cohen]Macaulay property of the ordinary Rees rings R IA j
 .  .j s 1, . . . , r is related to the Cohen]Macaulay property of R I , . . . , I .A 1 r
w xFollowing an idea of Verma in V3 we can give a partial answer to
this question in Corollary 3.4 for m-primary ideals I , . . . , I in a two-1 r
 .dimensional local Cohen]Macaulay ring A, m having reduction num-
 .  < .  .bers r I F 1 and joint reduction numbers r I I s 0 i / j .j i j
w xVerma expressed in V4 the multiplicity of a multi-Rees ring
 .R I , . . . , I in terms of mixed multiplicities of the ideals I , . . . , I . TheseA 1 r 1 r
can be defined by means of the Bhattacharya function
l gr m , I , . . . , I ; m . . .n , n , . . . , nA A 1 r 0 1 r
By first proving in Theorem 4.3 a general formula for the multiplicity of a
multigraded ring defined over an Artinian local ring we determine in
 .Theorem 4.4 the multiplicity of a multiform ring gr I , . . . , I ; I , whereA 1 r 1
I is assumed to be m-primary. As a corollary we rediscover the above-1
mentioned result of Verma. In the Cohen]Macaulay case, we ask in
particular for the minimal multiplicity property. We assume that I , . . . , I1 r
 .are m-primary ideals in a Cohen]Macaulay ring A such that each R IA j
 .j s 1, . . . , r is Cohen]Macaulay. It then turns out in Theorems 5.3, 5.5,
and 5.8 that minimal multiplicity can occur only in dimensions one or two
 w x aj .see V4 for the case I s m , j s 1, . . . , r.j
After finishing this paper we learned that Theorem 4.3 has been proved
w xin the bigraded case by Katz, Mandal, and Verma in KMV, Theorem 4.1 .
1. NOTATIONS AND PRELIMINARIES
We begin by fixing some notation and by recalling certain basis facts
wabout multi-Rees rings. For details we refer to HHR1, HHR2, HIO,
xGW1, GW2 .
We use the following multi-index notation. The norm of a multi-index
r < < rn g Z is n s n q ??? qn . If m, n g Z are multi-indexes, their dot-1 r
 .product m ? n s m n q ??? qm n . If m - n m F n for every i, we1 1 r r i i i i
 .set m - n m F n .
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In the following we call Z r-graded rings and modules r-graded or simply
multigraded. Rings are always assumed to be Noetherian and N r-graded.
Let S s [ S be an r-graded ring. If n g N r and s g S , we say thatr n nn g N
< <s is homogeneous of degree n. The total degree of s is n . Denote
q q  . qqS s [ S , S s [ S i s 1, . . . , r and S s [ S sn i n nn / 0 n ) 0 n ) 0i
Sq l ??? l Sq . Observe that if S s A is a local ring with the maximal1 r 0
ideal m, the ring S has a unique homogeneous maximal ideal M s m [
Sq. The 1-graded ring corresponding to S is
Sgr s S .[ [ n /
ngN < <n sn
From any 1-graded ring R we can always form an r-graded ring
Rryg r s R .[ <n <
rngN
If S is an r-graded ring, denote by Proj S the set of those homogeneous
prime ideals of S which do not contain Sqq. Observe that Proj S s B if
and only if Sqq is nilpotent. We consider Proj S as a topological space
 .  < 4with the closed subsets V I s P g Proj S I ; P , where I ; S is anqq
homogeneous ideal. If M is a finitely generated r-graded S-module, put
 < 4  .Supp M s P g Proj S M / 0 . Since Supp M s V Ann M ,qq P qq qq
Supp M is a closed subset of Proj S.qq
1.1. LEMMA. Let S be an r-graded ring defined o¨er an Artinian local ring
A. Assume that S is generated o¨er A by elements of total degree 1. Then
dim Proj S s max dim SrP P g Proj S y r . 4
Proof. It is enough to prove the formula dim Proj S s dim S y r
for any r-graded integral domain S defined over a field and satisfying
Proj S / B. Let 0 s P ; ??? ; P be a maximal chain of prime ideals in0 d
 w x.Proj S. Then d s ht P cf. Mat, Theorem 13.7 . Because dim S sd
ht P q dim SrP , we may replace S by SrP and thus reduce tod d d
the case dim Proj S s 0. Consider the chain
0 ; Sq ; Sq q Sq ; ??? ; Sq q ??? qSq1 1 2 1 r
of homogeneous prime ideals of S. Suppose P is a homogeneous prime
ideal of S satisfying Sq q ??? qSq ; P ; Sq q ??? qSq for some j. If1 jy1 1 j
P / Sq q ??? qSq , we must have P l Sq / 0. Because dim Proj S s 0,1 jy1 j
this implies Sq ; P so that P s Sq q ??? qSq. The above chain is thusj 1 j
saturated, which implies that dim S s r as desired.
 .Let A be a ring and let I , . . . , I ; A be ideals. Set I s I , . . . , I . The1 r 1 r
 .multi-Rees ring R I is the r-graded ringA
R I s I n1 ??? I nr . . [A 1 r
rngN
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Furthermore, for every i s 1, . . . , r the ith associated r-graded ring is
defined as
gr I; I s R I rI R I .  .  .A i A i A
s I n1 ??? I ni ??? I nrrI n1 ??? I niq1 ??? I nr .[ 1 i r 1 i r
rngN
 . w x w xWe often identify R I with the subring A I t , . . . , I t of A t , . . . , t . IfA 1 1 r r 1 r
 .  .ht I ) 0 j s 1, . . . , r , we have dim R I s dim A q r. Moreover, if Aj A
 .  .is local, dim gr I; I s dim A q r y 1 i s 1, . . . , r . We often considerA i
the case, where all the ideals I , . . . , I are powers of the same ideal I ; A.1 r
 . k  k1 k r .We use the notation I for the r-tuple I, . . . , I and set I s I , . . . , Ir r
 . r   4.  .  .for k g N* here N* s N R 0 . We also denote gr I s gr I ; I .A r A r
 k .The Cohen]Macaulay property of multi-Rees algebras of type R I wasA
w xstudied in HHR 2 . It can be characterized in terms of the local cohomol-
 . w xogy of the usual Rees ring R I as follows HHR2, Theorem 2.4 .A
1.2. THEOREM. Let A be a local ring of dimension d and I ; A an ideal
 . rof ht I ) 0. Let k g N* . Let M be the homogeneous maximal ideal of
 .  k . w i   ..xR I . Then R I is Cohen]Macaulay if and only if H R I s 0A A r M A k ?n
for i - d q 1 and n - 0 or n G 0.
 k .Note especially that the Cohen]Macaulayness of R I always impliesA r
 <k <.  k .that of R I . A multi-Rees algebra R I is called simple if someA A r
wk s 1. In this case there is the following result HHR2, Appendix, Theo-i
xrem 4.1 .
1.3. THEOREM. Let A be a local ring of dimension d and I ; A an ideal
 k .of ht I ) 0. Suppose R I is a simple multi-Rees algebra. Let M be theA r
 .homogeneous maximal ideal of R I . Then the following conditions areA
equi¨ alent:
 .  k .1 R I is Cohen]Macaulay.A r
 . w i   .x  < < 42 H R I s 0 when i - d q 1 and n f yk q 1, . . . , y1 .M A n
 . w i   .x  < < 4   ..3 H gr I s 0 when i - d and n f yk , . . . , y1 , a gr IM A n A
- 0.
This result immediately implies
1.4. COROLLARY. Let A be a local ring of dimension d and I ; A an
 .  .ideal of ht I ) 0. If R I , r ) 1, is Cohen]Macaulay, then R I isA ry1 A r
w i   ..xCohen]Macaulay. The con¨erse holds if H gr I s 0 for i - d.M A yr
i   ..The following example shows that without the condition on H gr IM A
Corollary 1.4 is not true in general.
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1.5. EXAMPLE. Let A be a generalized Cohen]Macaulay local ring of
dimension d G 3 and depth A ) 0. Assume that A itself is not
Cohen]Macaulay. Let I ; A be an ideal generated by a standard system
w i   ..xof parameters. Then H R I s 0 if i - d q 1 and n fM A n
  .4 w  .x  .y1, . . . , y d y 2 , see HIO, Corollary 40.11 . Hence R I isA r
Cohen]Macaulay for r G d y 1 by Theorem 1.3. Note that in this situa-
w i   ..xtion H gr I / 0 in general.M A yr
1.6. PROPOSITION. Let A be a local ring of dimension d and I ; A an
 k .ideal of ht I ) 0. Suppose R I is a simple multi-Rees algebra. ThenA r
 k .  k1 k r .R I is Cohen]Macaulay if and only if gr I, I , . . . , I ; I isA r A
 .Cohen]Macaulay. In particular, R I is Cohen]Macaulay if and only ifA r
 .gr I is Cohen]Macaulay.A rq1
 k1 k r .  .Proof. Put G s gr I, I , . . . , I ; I . Express G as a 1, k -VeronesianA
  .. rq1.yg rof the ring gr I . SoA
 .1, k .rq1 yg rG s gr I s gr I . .  . . [ / n qk?nA A 0rn gN , ngN0
wLet N be the homogeneous maximal ideal of G. It follows from HHR1,
xLemma 1.14, HHR2, Theorem 2.2 that
¡ iH gr I , if n G 0, n G 0, . . n qk?nM A 00
i ~ iyrH G s .  .n , n H gr I , if n - 0, n - 0,N  .0  . n qk?nM A 00¢
0, otherwise.
Since some k s 1 by assumption, one can see that the Cohen]Macaulay-i
ness of G is equivalent to the conditions
 . w i   ..x  < <41 H gr I s 0 when i - d and m f y1, . . . , ykM A m
 .   ..2 a gr I - 0.A
 k .  k .Since R I is simple, this is by Theorem 1.3 equivalent to R I beingA r A r
Cohen]Macaulay.
The following example is due to Shimoda in a letter to the first author.
 .1.7. EXAMPLE. Let A be a local ring and a , . . . , a an A-regular1 r
 .  .sequence. Put q s a , . . . , a . Let T s T be a 2 = r matrix of indeter-1 r i j
 . w 4minates. Then by Shimoda R q s A T rI, where I is the ideal gener-A 2
ated by the 2 = 2 minors of the matrix
a ??? a1 r
T ??? T .11 1 r 0T ??? T21 2 r
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 .  .w xHence we have gr I s Arq T rJ, where J is the ideal generated byA 2
the 2 = 2 minors of the matrix T. If A is Cohen]Macaulay, we obtain
from Proposition 1.6 the well-known result that the determinantal ring
 .   . .gr q is Cohen]Macaulay since R q is so .A 2 A
 .1.8. EXAMPLE. Let A, m be a hypersurface ring of dimension d with
 .  .  .  .e A ) d. Then gr m is Cohen]Macaulay even Gorenstein , but R mA A
w  .x  .is not Cohen]Macaulay; see HIO, Corollary 26.6 . Hence gr m is notA 2
 .Cohen]Macaulay. By Proposition 1.6 it even follows that gr m is notA r
 .Cohen]Macaulay for any r G 2, since otherwise R m and soA ry1
 ry1. wR m would be Cohen]Macaulay. But this would by HRZ, CorollaryA
 .x  .2.7 imply that R m is Cohen]Macaulay in our situation.A
 .By Proposition 1.6 and Corollary 1.4 we know that for r G 2 gr I isA r
 .Cohen]Macaulay always implies gr I is Cohen]Macaulay. As weA rq1
have seen in Example 1.8 this is not true in general for r s 1. The
background for the different behavior of the Rees and form rings in this
 .   ..context is the fact that the a-invariant of R I is always a R I s y1,A A
 .while the a-invariant of gr I can be even positive as in Example 1.5. In aA
w xregular local ring we know by a new result of Lipman L that the
 .  .Cohen]Macaulay property of gr I implies that of gr I .A A 2
2. EQUIMULTIPLE IDEALS WITH COHEN]MACAULAY
MULTIGRADED REES RINGS
 .From now on we always assume that a local ring A, m has an infinite
residue field.
 .2.1. LEMMA. Let A, m be a local ring and I ; A an equimultiple ideal
 .  .of height h ) 0. Let a , . . . , a be a minimal reduction of I and b , . . . , b1 h 1 s
 . w xa system of parameters of ArI. Consider the ring R I s A It , . . . , It . PutA r 1 r
z s a t q a t q ??? qa t i s 0, . . . , h q r y 1 , .i 1 i 2 iy1 h iyhq1
 .where t s 1 and t s 0 for i - 0 or i ) r. Then z , . . . , z , b , . . . , b0 i 0 hqry1 1 s
 .is a system of parameters of R I .A r
w  .xProof. Since I is equimultiple, we know by HIO, Proposition 10.20
 .that h q s s dim A. Let M be the homogeneous maximal ideal of R I .A r
 .If Q s z , . . . , z , b , . . . , b , we have to show that M ; Rad Q. This0 hqry1 1 s
is clearly equivalent to a t ; Rad Q for all p s 1, . . . , h and q s 0, . . . , r.p q
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We use induction on k s p q q. We have z s a s a t . Assume k ) 1.0 1 1 0
Now
z s a t q a t q ??? qa tky1 1 ky1 2 ky2 h kyh
so that
a t s z y a t y a t y ??? ya t .h kyh ky1 1 ky1 2 ky2 hy1 kyhq1
Write
2a t s a t z .  .h kyh h kyh ky1
y a t a t y a t a t .  .  .  .1 kyh h ky1 2 kyh h ky2
y ??? y a t a t . .  .hy1 kyh l kyhq1
 .2By the induction hypothesis we then get a t g Rad Q. So a t gh kyh h kyh
Rad Q. Similarly,
a t s z y a t y a t y a t y ??? ya t ,hy1 kyhq1 ky1 h kyh 1 ky1 2 ky2 hy2 kyhq2
 .2from which we obtain a t g Rad Q. By continuing in this man-hy1 kyhq1
ner, we see that a t g Rad Q for all p q q s k. The lemma has so beenp q
proved.
 .2.2. THEOREM. Let A, m be a local ring and I ; A an equimultiple
 .ideal of positi¨ e height. If R I is Cohen]Macaulay, the following hold:A r
 .  .i r I F ht I y 1.
 .  .ii depth R I G dim A y ht I q q q 1 for q F r y 1.A q
 . n nq1iii A is normally Cohen]Macaulay along I, i.e. depth I rI s
dim ArI for all n G 0.
 .Proof. Put h s ht I. Let a , . . . , a be a minimal reduction of I and1 h
 .  .b , . . . , b a system of parameters of ArI. Denote S s R I s1 s A r
w xA It , . . . , It and let M be the homogeneous maximal ideal of S. Let1 r
 .z , . . . , z , b , . . . , b be the system of parameters of S given by0 hqry1 1 s
 .Lemma 2.1. Since S is Cohen]Macaulay, z , . . . , z , b , . . . , b is a0 hqry1 1 s
regular sequence in S .M
 . h  . hy1Consider first i . It is enough to show that I s a , . . . , a I . Let1 h
h  .a g I . Put Q s z , . . . , z . Sincer rqhy1
hyi
z s a t ,rq iy1 iqj ryj
js0
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we have
hyi
a t ' y a t mod Q i s 1, . . . , h . .i r iqj ryj
js1
Then
hyi hyi
hy iq1 hyi hy iqj.q1 jy1aa t ' yat a t ' a t at t mod Q. .  . i r r iqj ryj iqj r r ryj
js1 js1
By descending induction on i the case i s h being clear since a t sh r
.z g Q we gethq ry1
aa t hy iq1 ' 0 mod Q i s 1, . . . , h . .i r
h  .Hence, aa t s 0 mod Q. Because z , z , . . . , z is a regular se-1 r 0 1 rqhy1
quence in S , this means thatM
f at h s f z q ??? qf z0 r 1 r h rqhy1
for some f , f , . . . , f g S, f f M. Comparing the coefficients gives0 1 h 0
 . hy1 h  . hy1  .a g a , . . . , a I so that I s a , . . . , a I and r I F h y 1.1 h 1 h
 .  . w xIn order to prove ii put B s R I s A It , . . . , It ; S. Let n be theA q 1 q
 .homogeneous maximal ideal of B. If J s IB , we can write S s R J .n n B ryqn
Now z , . . . , z g B. Since z , . . . , z , b , . . . , b are thus homogeneous in0 q 0 q 1 s
 .  .S and S s S , we obtain that z , . . . , z , b , . . . , b is a regularn n M M 0 q 1 sn w  .xsequence in S . It then follows from HIO, Lemma 7.4 thatn
 .z , . . . , z , b , . . . , b is a regular sequence also in B . As depth B s0 q 1 s n n
depth B this implies the desired inequality depth B G s q q q 1.
 .To prove iii we use induction on s s dim ArI. If s s 0, the ideal I is
m-primary so that everything is clear. Assume then s ) 0. Since z s a is0 1
now a nonzero divisor on A, we get a monomorphism
?a t1 10 ª R I y1 6 R I .  .  .A A
 .of R I -modules, which induces a monomorphismA
?a t1 10 ª gr I y1 6 R I r a . .  .  .  .A A 1
 .Since z , b is a regular sequence on S, it is a regular sequence also on0 1
 .  .R I . By the above exact sequence, b is then a nonzero divisor on gr I .A 1 A
n n .  .Therefore b l I s b I for all n G 0. Put A s Ar b and I s IA. It1 1 1
 .  .  .follows that Sr b s R I . So R I is Cohen]Macaulay. Since also1 A r A r
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r . w  .xR I is Cohen]Macaulay, it follows from HIO, Theorem 18.23 thatA
A is quasi-unmixed. Using this fact one can easily see that ht I s ht I.
Moreover, I and I have the same analytic spread as is well known. We
n nq1thus get that I is equimultiple. Since b is a nonzero divisor on I rI1
and
n nq1 n n nq1 n nq1 n nq1I rI s I r b I q I s I rI rb I rI , .  . .1 1
the induction hypothesis implies that
n nq1 n nq1depth I rI s depth I rI q 1 s dim ArI q 1 s dim ArI.
So A is normally Cohen]Macaulay along I and the theorem has been
proved.
2.3. Remark. If the dimension of A is two and the ideal I is m-primary,
we have an alternative proof for Theorem 2.2 as follows:
w x  .By HHR2, Appendix, Theorem 4.4 the Cohen]Macaulayness of R IA r
 .  .  .implies that gr I satisfies Serre's condition S . So depth gr I G 1.A 1 A
w x   ..  .  .We know by Mar that the formula a gr I s r I y d s r I y 2 holds.A
 r .   r ..Moreover, since also R I is Cohen]Macaulay, a gr I - 0. By HoaA A
w x   ..  .H1, Lemma 2.4 this gives a gr I - 0; hence, r I F 1 as wanted.A
For d s 2 or d s 3 we obtain the following corollaries of Theorem 2.2.
 .2.4. COROLLARY. Let A, m be a Cohen]Macaulay local ring of dimen-
 .sion d s 2 and I an m-primary ideal. Then R I Cohen]Macaulay impliesA r
 .R I is Cohen]Macaulay.A
 . w x  .Proof. Note that r I F 1 by Theorem 2.2. Therefore, by VV , gr IA
 .and therefore R I are Cohen]Macaulay.A
 .2.5. COROLLARY. Let A, M be a Cohen]Macaulay local ring of di-
 .mension d s 3. Then R m Cohen]Macaulay for some r G 2 implies thatA r
 .  .R m is Cohen]Macaulay; hence R m is Cohen]Macaulay for all r G 1.A A r
 . w xProof. By Theorem 2.2., r m F 2. Then by S2 the Cohen]Macaulay
 .  .property of A implies that of gr m . Hence R m is Cohen]Maculay.A A
w x ww 4 3 2 2 3 4 xx2.6. EXAMPLE. H1, 3.6 . Let A s k u , u ¨ , u ¨ , u¨ , ¨ , where k
 4 3 3 4.is a field, and let I s u , u ¨ , u¨ , ¨ . Then A is Cohen]Macaulay of
 .  .dimension two, but R I is not Cohen]Macaulay; hence R I is notA A r
Cohen]Macaulay for any r G 1.
 .2.7. Remarks. 1 Our proof of Corollary 2.5 cannot be adapted to
any m-primary ideal I as in Corollary 2.4. The reason is that Sally's
 .criterion is in general not true for any m-primary ideal I with r I s 2.
HERRMANN ET AL.320
 .2 The Cohen]Macaulayness of A in Corollary 2.5 is not necessary
 .for R m , r G 1, to be Cohen]Macaulay. This condition on A was onlyA r
needed in our proof for using Sally's criterion. In the following example A
is a Buchsbaum non-Cohen]Macaulay ring with Cohen]Macaulay Rees
 .rings R m for all r G 1.A r
w  .x2.8. EXAMPLE HIO, Remark 48.16 . Let k be a field of char k s 2.
Let
w xA s k X , X , X , Y , Y , Y , Y rA ,1 2 3 1 2 3 4
where
A s X Y q X Y q X Y , Y 2 , Y 2 , Y 2 , Y 2 , 1 1 2 2 3 3 1 2 3 4
Y Y , Y Y , Y Y , Y Y y X Y , Y Y y X Y , Y Y y X Y ..1 4 2 4 3 4 1 2 3 4 2 3 1 4 1 3 2 4
Let m be the maximal ideal of A. Then A is Buchsbaum with dim A s 3,
 .  .and R m is Cohen]Macaulay for all r G 1 and therefore r m F 2 byA r
 .Theorem 2.2. Note that gr m is not Cohen]Macaulay. But PropositionA
 .1.6 shows that in this example gr m is Cohen]Macaulay for all r G 2.A r
3. ON MULTI-REES ALGEBRAS OF IDEALS HAVING
JOINT REDUCTION NUMBER ZERO
 .Let A, m be a local ring of dimension two and I, J ; A two m-primary
 .ideals. An ideal a, b in A with a g I and b g J is called a joint
reduction of I and J if the ideal aJ q bI is a reduction of IJ. So
 .n  . .ny1 ny1 n n ny1IJ s aJ q bI IJ s aI J q bI J for some n g N*. If the
residue field of A is infinite as we always assume, joint reductions always
w x  .exist. In fact, by R one can always find minimal reductions a , a and1 2
 .  .b , b of I and J, respectively, such that the ideals a , b , i, j s 1, 2, are1 2 i j
w xjoint reductions of I and J. Following Verma V3 we say that I and J
have joint reduction number zero if IJ s aJ q bI for some joint reduction
 .  < . wa, b of I and J. We write r I J s 0. Verma showed in V2, Theorem
x3.2 that if A is Cohen]Macaulay, the condition IJ s aJ q bI then holds
 .for every joint reduction a, b of I and J. We are now going to examine
 .the Cohen]Macaulay property of R I , . . . , I in the case I , . . . , I areA 1 r 1 r
 < .m-primary ideals satisfying r I I s 0 for all i, j s 1, . . . , r.i j
3.1. LEMMA. Let A be a local ring and let I , . . . , I ; A be ideals.1 r
 .  .Suppose that there exists elements a g I i s 1, . . . , r such that a , a is ai i i j
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regular sequence and
I n1 . . . I nr l a , a .1 r i j
s a I n1 ??? I niy1 I niy1 I niq1 ??? I nr q a I n1 ??? I n jy 1 I n jy1 I n jq 1 ??? I nri 1 iy1 i iq1 r j 1 jy1 j jq1 r
 .  4 nfor all i / j and n , n G 1, n G 0 k / i, j . If i g 1, . . . , r and I li j k i
 . ny1a s a I for n G 1, we ha¨ei i i
I n1 . . . I nr l a s a I n1 ??? I niy1 I niy1 I niq1 ??? I nr .1 r i i 1 iy1 i iq1 r
 .for n G 1, n G 0 k / i .i k
Proof. We may assume that i s r. Use multiple induction on
n , . . . , n . Assume n ) 0. Suppose1 ry1 ry1
la g I n1 ??? I nr .r 1 r
Now la s a x q a y for somer r ry1
x g I n1 ??? I nry 1 I nry1 , y g I n1 ??? I nry 1y1I nr .1 ry1 r 1 ry1 r
 .  .Then a l y x s a y. Since a , a is a regular sequence, it followsr ry1 ry1 r
that y s a y9 for some y9. The induction hypothesis implies thatr
y9 g I n1 ??? I nry 1y1I nry1 .1 ry1 r
So
la g a I n1 ??? I nry 1 I nry1r r 1 ry1 r
as wanted.
3.2. LEMMA. Let B be a graded ring defined o¨er a local ring. Let S be a
bigraded ring defined o¨er B satisfying the condition S s 0 if m / 0 andm , n
n / 0. Denote S s SrSq and S s SrSq . Suppose dim S s dim S s1 2 2 1 1 2
dim B. Then:
 .i dim S s dim B
 .ii If B is Cohen]Macaulay, S is Cohen]Macaulay if and only if S1
and S are Cohen]Macaulay.2
 .Proof. Denote d s dim B. To prove i , let P ; S be a minimal prime
such that dim SrP s dim S. Since Sqqs Sq l Sq s 0, we have Sq ; P1 2 1
or Sq ; P. This implies dim S s dim B.2
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 .To prove ii , let M be the homogeneous maximal ideal of S. Consider
the exact sequences
H iy1 S ª H iy1 S ª H i Sq ª H i S ª H i S ª H iq1 Sq , .  .  .  . .  .M M 1 M 2 M M 1 M 2
H iy1 S ª H iy1 S ª H i Sq ª H i S ª H i S ª H iq1 Sq .  .  .  . .  .M M 2 M 1 M M 2 M 1
and
H iy1 S ª H iy1 B ª H i Sq ª H i S ª H i B , .  .  .  . .M 1 M M 1 M 1 M
H iy1 S ª H iy1 B ª H i Sq ª H i S ª H i B .  .  .  . .M 2 M M 2 M 2 M
coming from the exact sequences
0 ª Sq ª S ª S ª 0, 0 ª Sq ª S ª S ª 0,2 1 1 2
and
0 ª Sq ª S ª B ª 0, 0 ª Sq ª S ª B ª 0.1 1 2 2
w qx w x w qxSince S and S are both zero for n / 0, and similarly S s1 m , n 1 m , n 2 m , n
w x w x w i  .xS s 0 for m / 0, we know by HHR1, Lemma 1.3 that H S2 m , n M 1 m , n
w i  q.x w i  .x w i  q.xs H S s 0 if n / 0, and H S s H S s 0 ifM 1 m , n M 2 m , n M 2 m , n
m / 0. We then obtain by the first two sequences that
0, if m / 0; n / 0,¡
ii H S , if m G 1; n s 0, .~ M 1H S s m .M m , n
i¢ H S , if m s 0; n G 1. .M 2 n
Since B is Cohen]Macaulay, the last two sequences give for i - d
H i S s H i Sq , H i S s H i Sq . .  . .  .M 1 M 1 M 2 M 2
If S and S are Cohen]Macaulay, the first sequence implies for i - d1 2
that
i i q iH S s H S s H S s 0. .  . .M M 2 M 20, 0 0 0
i  .Then H S s 0 for i - d so that S is Cohen]Macaulay.M
If S is Cohen]Macaulay, we obtain by the first two sequences that for
i - d
H iy1 S s H i Sq , H iy1 S s H i Sq . .  . .  .M 1 M 2 M 2 M 1
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Hence,
H i S s H i Sq s H iy1 S s H iy1 Sq s H iy2 S . .  .  . .  .M 1 M 1 M 2 M 2 M 1
i  . i  .It follows that H S s 0 for i - d. Similarly, H S s 0 for i - d soM 1 M 1
that S and S are Cohen]Macaulay. The claim has thus been proved.1 2
 .3.3. THEOREM. Let A, m be a Cohen]Macaulay local ring of dimen-
 < .sion two and let I , . . . , I ; A be m-primary ideals such that r I I s 0 for1 r i j
 .i, j s 1, . . . , r and i / j. If R I , . . . , I is Cohen]Macaulay,A 1 ry2
 .  .R I , . . . , I is Cohen]Macaulay if and only if R I , . . . , I , I andA 1 r A 1 ry2 ry1
 .R I , . . . , I , I are Cohen]Macaulay.A 1 ry2 r
 .  .Proof. There exists minimal reductions a , b and a , b of Iry1 ry1 r r ry1
 .  .  .  .and I , respectively, such that a , a , a , b , b , a , and b , br ry1 r ry1 r ry1 r ry1 r
 .are all joint reductions of I and I . Take the joint reduction a , a .ry1 r ry1 r
 .Then I I s a I q a I and a , a is a regular sequence on A.ry1 r ry1 r r ry1 ry1 r
Write
w xR I , . . . , I s A I t , . . . , I t . .A 1 r 1 1 r r
Since
I n1 . . . I nr s a I n1 ??? I nry 2 I nry 1y1I nr q a I n1 ??? I nry 2 I nry 1 I nry11 r ry1 1 ry2 ry1 r r 1 ry2 ry1 r
for n , . . . , n G 0, n , n G 1, we obtain with the notations of Lemma1 ry2 r ry1
3.2,
S [ R I , . . . , I r a t , a t s B [ Sq [ Sq , .  .A 1 r ry1 ry1 r r 1 2
where S is bigraded in t , t over B andry1 r
B s R I , . . . , I , .A 1 ry2
Sq s I n1 ??? I nry 2 I nry 1ra I n1 ??? I nry 2 I nry 1y1 ,[1 1 ry2 ry1 ry1 1 ry2 ry1
n , . . . , n G0, n G11 ry2 ry1
Sq s I n1 ??? I nry 2 I nrra I n1 ??? I nry 2 I nry1 .[2 1 ry2 r r 1 ry2 r
n , . . . , n G0, n G11 ry2 r
Note that
S s B [ Sq s R I , . . . , I r a t , .  .1 1 A 1 ry1 ry1 ry1
S s B [ Sq s R I , . . . , I , I r a t . .  .2 2 A 1 ry2 r r r
 .The elements a t and a t are nonzero divisors. Then R I , . . . , Iry1 ry1 r r A 1 ry1
 .and R I , . . . , I , I are Cohen]Macaulay if and only if S and S areA 1 ry2 r 1 2
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 .Cohen]Macaulay. Also dim S s dim S s dim B. By Lemma 3.2 ii it is1 2
 .then enough to prove that R I , . . . , I is Cohen]Macaulay if and only ifA 1 r
 .S is Cohen]Macaulay. By Lemma 3.2 i dim S s dim B s
 .  .dim R I , . . . , I y 2. If R I , . . . , I is Cohen]Macaulay, we thereforeA 1 r A 1 r
 .  .get that S s R I , . . . , I r a t , a t is Cohen]Macaulay. To proveA 1 r ry1 ry1 r r
 .the converse it is enough to show that a t , a t is a regular sequencery1 ry1 r r
 .on R I , . . . , I .A 1 r
Let us first see that we can assume the degree one elements aU gry1
 . U  . m  .gr I and a g gr I to be regular. This will then imply I l aA ry1 r A r ry1 ry1
my 1 n  . ny1s a I and I l a s a I for all m, n G 1. Consider, for exam-ry1 ry1 r r r r
ple, the element aU , the proof for aU being similar. Since B andry1 r
 .  .R I , . . . , I s R I B are Cohen]Macaulay, we know that alsoA 1 ry1 B ry1
 .  .gr I , . . . , I ; I s gr I B is Cohen]Macaulay. Put T sA 1 ry1 ry1 B ry1
 . q qgr I , . . . , I ; I . Observe that dim TrT - dim T so that T can-A 1 ry1 ry1 ry1 ry1
 .not be contained in any minimal prime of T. Now gr I ; T andA ry1
U U  . U U qr y 1 .  .a , b g T . Since Rad a , b s Rad T , we see thatry1 ry1 ry1 ry1 ry10, . . . , 0, 1
aU and bU cannot both be zero divisors. We can thus take aU to be ary1 ry1 ry1
 .nonzero divisor. Is it then a nonzero divisor also on the subring gr IA ry1
; T and the above claim has so been proved.
 .In order to prove that a t , a t is a regular sequence onry1 ry1 r r
 .R I , . . . , I , we show that a t is a regular element onA 1 r ry1 ry1
 .  .R I , . . . , I r a t . NowA 1 r r r
R I , . . . , I r a t .  .A 1 r r r
s I n1 ??? I nry 1[ 1 ry1
n , . . . , n G01 ry1
[ I n1 ??? I nry 1 I nrra I n1 ??? I nry 1 I nry1 .[ 1 ry1 r r 1 ry1 r
n , . . . , n G0, n G11 ry1 r
n n n n n y11 r 1 ry1 r .By Lemma 3.1 we obtain I ??? I l a s a I ??? I I . Put A s1 r r r 1 ry1 r
 .  .Ar a , I s I A j s 1, . . . , r . It follows thatr j j
I n1 ??? I nry 1 I nrra I n1 ??? I nry 1 I nry1[ 1 ry1 r r 1 ry1 r
n , . . . , n G0, n G11 ry1 r
n n1 rs I ??? I .[ 1 r
n , . . . , n G0, n G11 ry1 r
 .Since a , a is a regular sequence, we then see that a t is regularry1 r ry1 ry1
 .  .  .on R I , . . . , I r a t and a t , a t is thus a regular sequence.A 1 r r r ry1 ry1 r r
 .3.4. COROLLARY. Let A, m be a Cohen]Macaulay local ring of dimen-
 < .sion two and let I , . . . , I ; A be m-primary ideals such that r I I s 0 for1 r i j
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 .i, j s 1, . . . , r and i / j. If each R I , j s 1, . . . , r, is Cohen]Macaulay,A j
 .then R I , . . . , I is Cohen]Macaulay. In the case r s 2 also the con¨erseA 1 r
holds.
Proof. This follows immediately by induction on r from Theorem 3.3.
w3.5. Remark. Corollary 3.4 is closely related to a result of Verma V3,
 .x  .Theorem 3.1 , where it is assumed that A and all R I , j s 1, . . . , r,A j
have minimal multiplicity. We have to use a different line of argument to
prove Theorem 3.3, which we cannot achieve with Verma's methods.
4. NUMERICAL POLYNOMIALS AND THE
MULTIPLICITY OF r-GRADED RING
Let S be an r-graded ring defined over a local Artinian ring A with the
homogeneous maximal ideal M. In this section we want to calculate the
 .  .multiplicity e S of S which is defined as e S , the Samuel multiplicity ofM
the local ring S . If I ; S is a homogeneous M-primary ideal, denoteM
 .  .  .  .e I,S s e IS , S so that e S s e M , S .M M
We first recall some basic facts about the multiplicity of S. For that we
utilize the corresponding 1-graded ring
Sgr s S .[ [ n /
ngN < <n sn
We denote its homogeneous maximal ideal by M gr. Note that the irrele-
vant ideal Sgrq is a reduction of M gr. Therefore,
e S s e Sgr s e M gr , Sgr s e Sgrq, S g r , .  .  .  .
 .the last one being dim S y 1 ! times the leading coefficient of the
w gr x .polynomial l S for n 4 0. On the other hand, we can consider theA n
 . rlength function l S , where n g N . It turns out by a result of Bhat-A n
 .  .tacharya Theorem 4.1 below that l S is a numerical polynomial forA n
n 4 0.
w xRecall that a polynomial F g Q t , . . . , t is called a numerical polyno-1 r
 .mial if F n , . . . , n g Z for all n , . . . , n g Z. It is well known that we1 r 1 r
can write
n q k n q k1 1 r rF n , . . . , n s e k , . . . , k ??? .  .1 r 1 r  /  /k k1 rk , . . . , k G01 r
 .with e k , . . . , k g Z.1 r
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w xThe following theorem was considered by Bhattacharya in B in the
case where S is a bigraded ring and M is a homogeneous ideal of S. For
the convenience of the reader we sketch a proof for the general case
w  .xfollowing the idea of proof of KT, Lemma 4.3 .
4.1. THEOREM. Let S be an r-graded ring defined o¨er an Artinian local
ring A. Assume that S is generated o¨er A by elements of total degree 1. Let M
be a finitely generated r-graded S-module. There then exists a numerical
w x  .polynomial F g Q t , . . . , t of total degree dim Supp M satisfying F n s1 r qq
 .l M for n 4 0. Moreo¨er, all monomials of highest degree in this polyno-n
mial ha¨e nonnegati¨ e coefficients.
 .  . rProof. Denote B M; n s l M for all n g Z . First observe thatA n
there is a chain 0 s M ; M ; ??? ; M s M of r-graded submodules of0 1 q
 . .M such that for each j s 1, . . . , q M rM ( SrP m , where P gj jy1 j j j
Ass M is a homogeneous prime ideal and m g Z r. Thenj
n
B M ; n s B SrP ; n q m . .  . j j
js1
It follows that it is enough to consider the case M s SrP, where P ; S is
a homogeneous prime ideal. Let m g N r and s g S , s f P. We then getm
an exact sequence
?s
0 ª M ym ª M ª L ª 0 .
of r-graded S-modules, where dim Supp L - dim Supp M. It followsqq qq
that
B M ; n y B M ; n y m s B L; n ) .  .  .  .
for all n g Z r.
Put d s dim Supp M. Let us first prove by induction on d that thereqq
w xexists a numerical polynomial F g Q t , . . . , t of degree F d such that1 r
 .  .B M, n s F n for n 4 0 and that every monomial of total degree d in
this polynomial has a nonnegative coefficient. If d - 0, we have M s 0n
for n 4 0 and the claim is trivially true. Suppose thus d ) 0. For each
j . 4  .j g 1, . . . , r choose an element s g S , s f P. Put L sj j j0, . . . , 0, 1, 0, . . . , 0
 .SrP q s . By the induction hypothesis we can find an integer N ) 0 andj
w xnumerical polynomials F g Q t , . . . , t of total degree F d y 1 suchj 1 r
 .  .  .  .that B L ; n s F n for n , . . . , n G N j s 1, . . . , r . By ) we canj j 1 r
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write
njr
B M , n sB M ; N , . . . , N q B L ;n , . . . , n , k , N , . . . , N .  .  .  j 1 jy1
js1 ksNq1
njr
s B M ; N , . . . , N q F n , . . . , n , k , N , . . . , N .  .  j 1 jy1
js1 ksNq1
so that we can conclude by standard arguments concerning numerical
polynomials.
Let us then prove that the polynomial F is exactly of total degree d. We
use induction on d. If d s 0, we cannot have M s 0 for n 4 0 so thatn
the claim holds. Suppose d ) 0. There exists a chain P ; P ; ??? ; P of1 d
homogeneous prime ideals of S. Choose a homogeneous element s g
 .P RP and put L s SrP q s . Then dim Supp L s d y 1. By the1 qq
induction hypothesis we know that there exists a polynomial G g
w x  .  .Q t , . . . , t of total degree d y 1 satisfying G n s B L; n for n 4 0.1 r
 .The claim then follows by considering Eq. ) .
Let S and M be as in the preceding theorem. According to the theorem
w xthere exists a polynomial F g Q t , . . . , t of total degree d y 1 such that1 r
 .  .F n s l M for n 4 0. Let k q ??? q k s d y 1. IfA n 1 r
 . k1 k re k , . . . , k rk ! ??? k ! is the coefficient of n ??? n in this polynomial,1 r 1 r 1 r
 .  .we call e k , . . . , k the mixed multiplicity of M of type k , . . . , k and1 r 1 r
 .denote it by e M; k , . . . , k . By the theorem we always have1 r
 .  gr .  .e M; k , . . . , k G 0. Finally note that e S ; k s e S , according to the1 r 1
preceding interpretation of multiplicity.
In the following Theorem 4.3 we show that every multigrading of S
 .provides a description of e S .
 .4.2. LEMMA. Let P n , . . . , n be a numerical polynomial of total degree1 r
d y 1 in n , . . . , n . Let m , m G 0. Then the function1 r 1 2
Q n , n , . . . , n s P n , . . . , n .  .3 r 1 r
n qn sn1 2
n Gm , n Gm1 1 2 2
is a numerical polynomial of total degree F d in n, n , . . . , n for n 4 0. If3 r
k q k q ??? qk s d, the coefficient of nk nk3 ??? nk r in this polynomial is3 r 3 r
1
e k , . . . , k , . 1 rk!k ! ??? k !3 r k qk sky11 2
 . k1 k r  .where e k , . . . , k rk ! ??? k ! is the coefficient of n ??? n in P n , . . . , n .1 r 1 r 1 r 1 r
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Proof. Write
n q k n q k1 1 r rP n s e k , . . . , k ??? .  . 1 r  /  /k k1 rk , . . . , k G01 r
 .with e k , . . . , k g Z. For n G m q m , we obtain1 r 1 2
Q n , n , . . . , n .3 r
s P n , . . . , n . 1 r
n qn sn1 2
n , n G01 2
m y11
y P n , n y n , n , . . . , n . 1 1 3 r
n s01
m y12
y P n y n , n , n , . . . , n . . 2 2 3 r
n s02
Moreover,
P n , . . . , n . 1 r
n qn sn1 2
n , n G01 2
n q k n q k1 1 2 2s e k , . . . , k . 1 r  /  /k k /1 2n qn snk , . . . , k G0 1 21 r
=
n q k n q k3 3 r r
??? . /  /k k3 r
Let us determine the sum
n q k n q k1 1 2 2 .  /  /k k1 2n qn sn1 2
By using the binomial formula we obtain
1 n q k n q k1 1 2 2 n n1 2s t t . 1 2k q1 k q11 2  /  /k k1 21 y t 1 y t .  . n , n G01 2 1 2
Putting t s t s t gives1 2
1 n q k n q k1 1 2 2 ns t . k qk q21 2  /  /k k /1 21 y t . n qn snnG0 1 2
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Since
1 n q k q k q 11 2 ns t ,k qk q21 2  /k q k q 11 21 y t . nG0
comparing the coefficients gives
n q k n q k n q k q k q 11 1 2 2 1 2s .  /  /  /k k k q k q 11 2 1 2n qn sn1 2
Thus
P n , . . . , n . 1 r
n qn sn1 2
n , n G01 2
n q k q k q 1 n q k n q k1 2 3 3 r rs e k , . . . , k ??? , . 1 r  /  /  /k q k q 1 k k1 2 3 rk , . . . , k G01 r
which is a polynomial of total degree F d in n, n , . . . , n . Moreover, if3 r
k q k q ??? qk s d, we see that the coefficient of nk nk3 ??? nk r in this3 r 3 r
polynomial is
1
e k , . . . , k . . 1 rk!k ! ??? k !3 r k qk sky11 2
 . Since P n , n y n , n , . . . , n for n s 0, . . . , m and P n y1 1 3 r 1 1
.n , n , n , . . . , n for n s 0, . . . , m are polynomials of degree F d y 12 2 3 r 2 2
in n, n , . . . , n for n 4 0, the claim follows.3 r
4.3. THEOREM. Let S be an r-graded ring of dimension d q r y 1 defined
o¨er an Artinian local ring A. Suppose that S can be generated o¨er A by
 q q.elements of total degree 1 and that dim Sr S q ??? qS F d q r y 1 y qi i1 q
for all 1 F i - ??? - i F r. Then1 q
e S s e S ; k , . . . , k . .  . 1 r
k q ??? qk sdy11 r
 4  .Proof. For each p g 1, . . . , r consider the r y p q 1 -graded ring
pS s S .[ [ n /n , n , . . . , n n q ??? qn snpq1 r 1 p
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Note, of course, that rS s S g r. Let us show by induction on p that
e pS ; k , k , . . . , k s e S ; k , . . . , k . . pq1 r 1 r
k q ??? qk sk1 p
for k q k q ??? qk s d y 1. The case p s r then proves the theorem.pq1 r
Suppose p s 2. Let us first see that dim Proj S s d y 1. By Lemma 1.1
it is enough to show that no minimal prime P ; S satisfying dim SrP s
dim S contains Sqq. Because Sqqs Sq l ??? l Sq , the opposite would1 r
imply Sq ; P for some i. This is impossible, since dim SrSq F dim S y 1i i
by the assumption. So by Theorem 4.1 we can now choose N ) 0 such that
 .l S is a polynomial of total degree d y 1 in n , . . . , n for n , . . . , n G N,A n 1 r 1 r
a polynomial of total degree F d y 1 in n , n , . . . , n for n s 0, . . . ,1 3 r 2
N y 1, n , n , . . . , n G N, and a polynomial of total degree F d y 1 in1 3 r
n , n , . . . , n for n s 0, . . . , N y 1, n , n , . . . , n G N. Let n G 2 N,2 3 r 1 2 3 r
n , . . . , n G N. Write3 r
l S s l S .  . A n A n
n qn sn n qn sn ; n , n GN1 2 1 2 1 2
Ny1 Ny1
q l S q l S . .  . A n , nyn , n , . . . , n A nyn , n , n , . . . , n1 1 3 r 2 2 3 r
n s0 n s01 2
 .Since l S is a polynomial of total degree d y 1 in n , . . . , n forA n 1 r
n , . . . , n G N, we now by Lemma 4.2 that1 r
l S . A n
n qn sn ; n , n GN1 2 1 2
is a polynomial of total degree F d in n, n , . . . , n , with3 r
1
e S ; k , . . . , k . 1 rk!k ! . . . k !3 r k qk sky11 2
as the coefficient of nk nk 3 ??? nk r. Because3 r
S n s 0, . . . N y 1 .[ n , nyn , n , . . . , n 11 1 3 r
n , n , . . . , n3 r
and
S n s 0, . . . N y 1 .[ nyn , n , n , . . . , n 22 2 3 r
n , n , . . . , n3 r
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are modules over SrSq and SrSq , respectively,1 2
l S n s 0, . . . N y 1 . .A n , nyn , n , . . . , n 11 1 3 r
and
l S n s 0, . . . N y 1 . .A nyn , n , n , . . . , n 22 2 3 r
are polynomials of total degree F d y 1 in n, n , . . . , n by Theorem 4.1.3 r
This implies the above claim in the case p s 2.
Consider then the case p ) 2. We have
py1S s S .[ [ n /m , n , . . . , n n q ??? qn smp r 1 py1
Then
pS s S . [ m , n , . . . , np r /py1mqn snn , n , . . . , n ppq1 r
By the case p s 2 we first obtain
py1pe S ; k , k , . . . , k s e S ; l , k , . . . , k . .  .pq1 r p r
lqk skp
The induction assumption for p y 1 then gives
e py1S ; l , k , . . . , k s e S ; k , . . . , k . /p r 1 r
k q ??? qk sl1 py1
so that
e pS ; k , k , . . . , k s e S ; k , . . . , k . .  pq1 r 1 r /
lqk sk k q ??? qk slp 1 py1
s e S ; k , . . . , k , . 1 r
k q ??? qk sk1 p
as wanted. The theorem has so been proved.
 .Let A, m be a local ring of dimension d and let I , . . . , I ; A be1 r
m-primary ideals. Let us recall the definition of mixed multiplicities of type
 .k , . . . , k with respect to I , . . . , I , denoted by1 r 1 r
w k x w k x1 rI , . . . , I ,1 r
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 w x w x.  n1where k q ??? qk s d See Te or Sw : One can show that l ArI1 r A 1
nr .??? I is a numerical polynomial of degree d in n , . . . , n for n , . . . ,r 1 r 1
n 4 0. If k q ??? qk s d, the coefficient of nk1 ??? nk r in this polyno-r 1 r 1 r
mial is
w k x w k x1 rI , . . . , I rk ! ??? k !.1 r 1 r
In the case d s 2 and k s 1 s k the notation1 2
w1x w1x<e I I s I , I .1 2 1 2
is used. In the case the residue field is infinite, the mixed multiplicities can
be interpreted as certain usual multiplicities. Recall that an ideal
 .a , . . . , a is called a joint reduction of m-primary ideals J , . . . , J if1 d 1 d
 .a g J i s 1, . . . , d and the ideali i
a J ??? J q ??? qa J ??? J1 2 d d 1 dy1
 w x.is a reduction of the ideal J ??? J . One can show see R, p. 398 that if1 d
 .a , . . . , a is a joint reduction for k copies of I , . . . , k copies of I , we1 d 1 1 r r
have
w k x w k x1 rI , . . . , I s e a , . . . , a . .1 r 1 d
It follows especially that always
w k x w k x1 rI , . . . , I ) 0.1 r
It is also evident that
w k x w k x w0x w0x w k x w k x1 q 1 qI , . . . , I , I , . . . , I s I , . . . , I1 q qq1 r 1 q
 4for every q g 1, . . . , r and k q ??? qk s d.1 q
Suppose k q ??? qk s d with k ) 0. Since1 r 1
l ArI n1q1 ??? I nr y l ArI n1 ??? I nr . .A 1 r A 1 r
s l I n1 I n2 ??? I nrrI n1q1 I n2 ??? I nr , .A 1 2 r 1 2 r
we observe that the coefficient of nk1y1 nk 2 ??? nk r in the numerical polyno-1 2 r
mial determined by
n n n n q1 n n1 2 r 1 2 rl I I ??? I rI I ??? I s l gr I , . . . , I ; I . . .A 1 2 r 1 2 r A A 1 r 1 n
is
w k x w k x1 rI , . . . , I r k y 1 !k ! ??? k !. .1 r 1 2 r
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In other words, we have
w k x w k x1 rI , . . . , I s e gr I , . . . , I ; I ; k y 1, k , . . . , k . ) .  . .1 r A 1 r 1 1 2 r
w xFollowing KV , we can use this formula to define mixed multiplicities of
 .type k , . . . , k , where k q ??? qk s d and k ) 0, also in the case I is1 r 1 r 1 1
m-primary and I , . . . , I are arbitrary.2 r
 .4.4. THEOREM. Let A, m be a local ring of dimension d. Let I , . . . ,1
I ; A be ideals of positi¨ e height with I m-primary. Thenr 1
w k q1x w k x w k x1 2 re gr I , . . . , I ; I s I , I , . . . , I . . . A 1 r 1 1 2 r
k q ??? qk sdy11 r
 .Proof. Set G s gr I , . . . , I ; I . By Theorem 4.3 we know thatA 1 r 1
e G s e G; k , . . . , k . .  . 1 r
k q ??? qk sdy11 r
 .This implies the claim, since by )
w k q1x w k x w k x1 2 re G; k , . . . , k s I , I , . . . , I . .1 r 1 2 r
 .4.5. COROLLARY. Let A, m be a local ring of dimension d and a g
 . rN* . Then
e gr ma ; mai s e A a ak1 ??? ak r i s 1, . . . , r . .  . . . A r i 1 r
k q ??? qk sdy11 r
wProof. The claim follows immediately from Theorem 4.4, since by Sw,
xProposition 2.9 we have for every k q ??? qk s d y 11 r
w x w x w x w x w xk k k q1 k ka a a a a1 iy1 i iq1 r1 iy1 i iq1 rm , . . . , m , m , m , . . . , m .  .  .  .  .
k1 k iy1 k iq1 k iq1 k r w w k1 x w k iy1 x w k iq1 xs a ??? a a a ??? a m , . . . , m , m ,1 iy1 i iq1 r
w k iq1 x w k r x xm , . . . , m
s ak1 ??? ak iy1 ak i ak iq1 ??? ak r e A a . .1 iy1 i iq1 r i
4.6. PROPOSITION. Let B be a graded ring generated by elements of degree
 .  .   ..one o¨er a local ring A, m . Then e B s e gr mB .B
 . p p p pProof. For p G 0 we have mB s m [ m B [ m B [ ??? , so1 2
gr mB s m pB rm pq1B . . [B q q
p , qG0
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 .One can thus consider gr mB as a 2-graded ring over Arm. TheB
homogeneous maximal ideal of B is n s m [ B [ B q ??? . Then1 2
n p s m p [ m py1B [ ??? [ mB [ B [ B [ ??? .1 py1 p pq1
It now follows that
g rk kq1 p pq1n rn s m B rm B s gr mB . . .[ q q B k
pqqsk
 .Since dim B s dim gr mB , this impliesB
g r
e B s e gr mB s e gr mB . .  .  . .  . .B B
wAs a corollary we obtain the following result of Verma V4, Theorem
x1.4 .
 .4.7. COROLLARY. Let A, m be a local ring of dimension d. Let
I , . . . , I ; A be ideals of positi¨ e height. Then1 r
w k q1x w k x w k x0 1 re R I , . . . , I s m , I , . . . , I . . . A 1 r 1 r
k q ??? qk sdy10 r
 .Proof. The preceeding Proposition 4.6, applied to B s R I , . . . , I ,A 1 r
implies that
e R I , . . . , I s e gr m , I , . . . , I ; m . .  . .  .A 1 r A 1 r
We can then use Theorem 4.4 to get the claim.
 .4.8. COROLLARY. Let A, m be a local ring of dimension d and a g
 . rN* . Then
e R ma s e A ak1 ??? ak r . . . . A r 1 r
k q ??? qk sdy10 r
w xProof. This follows from Corollary 4.7 by using Sw, Theorem 2.9 as in
the proof of Corollary 4.5.
5. MINIMAL MULTIPLICITY AND MULTIGRADED
REES RINGS
 .Let A, m be a Cohen]Macaulay local ring. It is then well known that
 .  .  .e A G ¨ A y dim A q 1, where ¨ A is the embedding dimension of A.
 .  .If e A s ¨ A y dim A q 1, it is said that A has minimal multiplicity. If
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w xthe residue field of A is infinite, we know by S2 that A is
Cohen]Macaulay with minimal multiplicity if and only if A is
 .Cohen]Macaulay and r m F 1.
Let S be a multigraded ring defined over a local ring and let M be the
 .  .  .  .homogeneous maximal ideal of S. Then e S s e S . Put ¨ S s ¨ S .M M
 .  .If S is Cohen]Macaulay, we now have e S G ¨ S y dim S q 1. When
 .  .e S s ¨ S y dim S q 1, we say that S has minimal multiplicity. Clearly
S is Cohen]Macaulay with minimal multiplicity if and only if S isM
Cohen]Macaulay with minimal multiplicity.
5.1. LEMMA. Let B be a graded Cohen]Macaulay ring defined o¨er a
 .local ring and let I , . . . , I ; B be homogeneous ideals. If R I , . . . , I is1 r B 1 r
Cohen]Macaulay with minimal mulitplicity, then B has minimal multiplicity.
 .Proof. Put S s R I , . . . , I . Let n and M be the homogeneousB 1 r
 .maximal ideals of B and S, respectively. Then S s R I B , . . . , I Bn B 1 n r nn
 .has the homogeneous maximal ideal M . Because S s S , wen n M n M
observe that also S is Cohen]Macaulay with minimal multiplicity. Itn
 .follows that we may replace B by a local ring A, m . Moreover, by passing
w xfrom A to the faithfully flat extension A X , where X is an indeter-m Aw X x
minate, we may assume that the residue field of A is infinite. Let J be a
minimal reduction of m. It is enough to show that m2 s Jm. Denote
N s J [ Sq. Then N is a reduction of M s m [ Sq. Because S has
minimal multiplicity, it follows that M 2 s NM. Comparing the compo-
nents of degree zero gives m2 s Jm which proves the claim.
 .Note that R I , . . . , I can be Cohen]Macaulay with minimal multi-B 1 r
plicity even when B is not Cohen]Macaulay, as the following example
shows.
  .x5.2. EXAMPLE HIO, Example 48.4 . Consider the ring
2w xB s k X , X , X , Y , Y , Y r X Y q X Y q X Y , Y , Y , Y , . .1 2 3 1 2 3 1 1 2 2 3 3 1 2 3
where k is field. Then B is a non-Cohen]Macaulay ring with dim B s 3,
 .  .  .¨ B s 6, and e B s 3. However, R m is Cohen]Macaulay with mini-B
mal multiplicity.
 .5.3. THEOREM. Let A, m be a local ring of dimension one and let
I , . . . , I ; A be ideals of positi¨ e height. Suppose A is Cohen]Macaulay.1 r
 .Then R I , . . . , I is Cohen]Macaulay with minimal multiplicity if and onlyA 1 r
 .if A has minimal multiplicity and each I j s 1, . . . , r is principal.j
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 .Proof. Suppose R I , . . . , I is Cohen]Macaulay with minimal multi-A 1 r
  ..  .plicity. We now have e R I , . . . , I s e A by Corollary 4.7. BecauseA 1 r
r
¨ R I , . . . , I s ¨ A q m I , .  . .  .A 1 r j
js1
 .where m I is the minimal number of generators of i , the equation ofj j
minimal multiplicity gives
r
e A s ¨ A q m I y r . .  .  . j
js1
 .  .According to Lemma 5.1 A has minimal multiplicity. Then e A s ¨ A
 .so that necessarily m I s 1 for all j s 1, . . . , r.j
 .  . To prove the converse assume that e A s ¨ A and each I j sj
.  .1, . . . , r is principal. Then R I , . . . , I is a polynomial ring over A andA 1 r
  ..  .therefore Cohen]Macaulay. Since e R I , . . . , I s e A , it is also clearA 1 r
 .that R I , . . . , I has minimal multiplicity.A 1 r
 .5.4. LEMMA. Let A, m be a local ring of dimension d G 2 and let
I , . . . , I ; A be m-primary ideals. Then1 r
e R I , . . . , I G 1 y r q q e R I , . . . , I .  . .  . .A 1 r A 1 q
r
q e R I , . . . , I , I . . A 1 q j
jsqq1
for all 0 F q F r. If d s 2, the equality holds. In the case d ) 2 and
r ) q q 1 the inequality is strict.
Proof. According to Corollary 4.7,
w k q1x w k x w k x0 1 qe R I , . . . , I s m , I , . . . , I . . A 1 q 1 q
k q ??? qk sdy10 q
  . w w d x w0x w0xx.for all 0 F q F r note also the case q s 0: e A s m , I , . . . , I .1 r
Then
e R I , . . . , I . .A 1 r
G e R I , . . . , I . .A 1 q
r
w k q1x w k x w k x0 1 qq m , I , . . . , I ,  1 q
jsqq1 k q ??? qk qk sdy1, k )00 q j j
w0x w k x w0xjI , . . . , I , . . . , I ,qq1 j r /
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The equality clearly holds if d s 2. If d ) 2 and r ) q q 1, we can find
k q ??? qk s d y 1 such that at least two k ) 0 with j ) q. The in-0 r j
equality is then strict, because every
w k q1x w k x w k x0 1 qm , I , . . . , I ) 0.1 q
Since always
w k q1x w k x w k x w0x w k x w0x0 1 q jm , I , . . . , I , I , . . . , I , . . . , I1 q qq1 j r
w k q1x w k x w k x w k x0 1 q js m , I , . . . , I , I ,1 q j
we obtain
e R I , . . . , I , I . .A 1 q j
w k q1x w k x w k x0 1 qs e R I , . . . , I q m , I , . . . , I , . . A 1 q 1 q
k q ??? qk qk sdy1, k )00 q j j
w0x w k x w0xjI , . . . , I , . . . , Iqq1 j r
for all j s q q 1, . . . , r and the desired inequality follows.
 .5.5. THEOREM. Let A, m be a local ring of dimension two and let
 .  .I , . . . , I ; A be m-primary ideals. Suppose A, each R I j s 1, . . . , r ,1 r A j
 .  .and R I , . . . , I are Cohen]Macaulay. Then R I , . . . , I has minimalA 1 r A 1 r
 .  .multiplicity if and only if A and each R I j s 1, . . . , r ha¨e minimalA j
multiplicity.
 .Proof. If R I , . . . , I has minimal multiplicity, Lemma 5.1 impliesA 1 r
 .  .that A and each R I j s 1, . . . , r have minimal multiplicity. SupposeA j
 .  .then that A and every R I j s 1, . . . , r have minimal multiplicity. SoA j
 .  .   ..   ..  .e A s ¨ A y 1 and e R I s ¨ R I y 2 j s 1, . . . , r . SinceA j A j
r
¨ R I , . . . , I s ¨ A q m I , .  . .  .A 1 r j
js1
we obtain by Lemma 5.4 that
r
e R I , . . . , I s 1 y r e A q e R I .  .  . .  . .A 1 r A j
js1
r
s 1 y r ¨ A y 1 q ¨ A q m I y 2 .  .  . .  . . j
js1
r
s ¨ A q m y r y 1 .  . j
js1
s ¨ R I , . . . , I y r y 1. . .A 1 r
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 .5.6. COROLLARY. Let A, m be a Cohen]Macaulay local ring of dimen-
 < .sion two and I , . . . , I ; A m-primary ideals such that r I I s 0 for1 r i j
 .i, j s 1, . . . , r and i / j. If each R I , j s 1, . . . , r, is Cohen]MacaulayA j
 .with minimal multiplicity, also R I , . . . , I is Cohen]Macaulay with mini-A 1 r
mal multiplicity. In the case r s 2 also the con¨erse holds.
Proof. The claim follows from Corollary 3.4 and Theorem 5.5 see also
w  .  .x.V3, Theorems 3.1 and 3.2 .
 .5.7. COROLLARY. Let A, m be a local ring of dimension d, where
d s 1 or d s 2. Then the following are equi¨ alent:
 .  . r  a .i For all r G 1 and a g N* , R m is Cohen]Macaulay withA r
minimal multiplicity.
 .  . r  a .ii There exists some r G 1 and a g N* such that R m isA r
Cohen]Macaulay.
 .iii The ring A is a discrete ¨aluation ring if d s 1, and a
Cohen]Macaulay ring with minimal multiplicity if d s 2.
 .  .Proof. The implication i « ii is trivial. Consider the implication
 .  .  a .  <a <.ii « iii . As R m is Cohen]Macaulay, also R m is Cohen]A r A
w  .xMacaulay. Suppose first that d s 1. Then, by HIO, Corollary 25.5 , A is
<a < w xCohen]Macaulay and m is principal. It follows from S1 that m is
principal and A is thus a discrete valuation ring. In the case d s 2, we
w xknow by H1, Corollary 3.7 that A is Cohen]Macaulay with minimal
multiplicity.
 .  .Let us then prove the implication iii « i . If d s 1, this follows from
Theorem 5.3. Assume d s 2. Since A is Cohen]Macaulay with minimal
 .  a .multiplicity, we know that R m and so also every R m areA A r
w x  aj.Cohen]Macaulay. By V1, Theorem 3.3 each R m has minimal multi-A
plicity and the claim then follows from Theorem 5.5.
 .5.8. THEOREM. Let A, m be a local ring of dimension d G 3 and let
I , . . . , I ; A be m-primary ideals. Suppose that for some 0 F q F r y 21 r
 .  .  .R I , . . . , I and R I , . . . , I , I j s q q 1, . . . , r areA 1 q A 1 q j
 .Cohen]Macaulay. If r ) 1, R I , . . . , I cannot be Cohen]Macualay withA 1 r
minimal multiplicity.
 .Proof. Suppose R I , . . . , I would be Cohen]Macaulay with minimalA 1 r
 .multiplicity. By Lemma 5.1 it follows that R I , . . . , I andA 1 q
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 .  .R I , . . . , I , I j s q q 1, . . . , r have minimal multiplicity. ThenA 1 q j
e R I , . . . , I s ¨ R I , . . . , I y d y q q 1. .  . .  .A 1 q A 1 q
  ..   ..  .Since ¨ R I , . . . , I , I s ¨ R I , . . . , I q m I , alsoA 1 q j A 1 q j
e R I , . . . , I , I s ¨ R I , . . . , I q m I y d y q .  .  . .  .A 1 q j A 1 q j
for j s q q 1, . . . , r. Lemma 5.4 now gives
e R I , . . . , I ) 1 y r q q e R I , . . . , I .  . .  . .A 1 r A 1 q
r
q e R I , . . . , I , I . . A 1 q j
jsqq1
s 1 y r q q ¨ R I , . . . , I y d y q q 1 .  . . /A 1 q
r
q ¨ R I , . . . , I q m I y d y q .  . .  /A 1 q j
jsqq1
r
s ¨ R I , . . . , I q m I y d y r q 1 .  . . A 1 q j
jsqq1
s ¨ R I , . . . , I y d y r q 1. . .A 1 r
 .This is a contradiction so that R I , . . . , I cannot be Cohen]MacualayA 1 r
with minimal multiplicity.
 .5.9. COROLLARY. Let A, m be a local ring of dimension d G 3 and let
 . I , . . . , I ; A be m-primary ideals. Suppose that A and each R I j s1 r A j
.  .1, . . . , r are Cohen]Macaulay. If r ) 1, R I , . . . , I cannot beA 1 r
Cohen]Macaulay with minimal multiplicity.
Proof. The claim follows by putting q s 0 in Theorem 5.8.
 .5.10. COROLLARY. Let A, m be a Cohen]Macaulay local ring of di-
 . r  a .mension d G 3. Let r G 1 and a g N* . Then R m is Cohen]MacaulayA r
with minimal multiplicity if and only if r s 1, a s 1, and A is regular.1
 a .Proof. If R m is Cohen]Macaulay with minimal multiplicity, weA r
 .know by Lemma 5.1 that A must have minimal multiplicity. Then R mA
 a .and so also all multi-Rees algebras R m are Cohen]Macaulay. Accord-A q
 a1.ing to Theorem 5.8 we then necessarily have r s 1 and get that R mA
w  .xmust have minimal multiplicity. By V1, Theorem 3.4 this is possible if
and only if a s 1 and A is regular.1
 .5.11. COROLLARY. Let A, m be a local ring of dimension d G 3 and let
 .I ; A be an m-primary ideal. Suppose R I is Cohen]Macaulay for someA ry2
 .r G 3. Then R I cannot be Cohen]Macaulay with minimal multiplicity.A r
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 .  .Proof. If R I is Cohen]Macaulay, so is R I . The claimA ry2 A ry1
therefore follows from Theorem 5.8 by putting q s r y 2.
In the case d s 3 and I s m one can prove even the following.
 .5.12. PROPOSITION. Let A, m be a local ring of dimension three. Sup-
 .  .pose R m is Cohen]Macaulay for some r ) 0. If r ) 1, R m cannotA r A r
ha¨e minimal multiplicity.
 .Proof. Suppose R m would have minimal multiplicity. ThenA r
e R m s ¨ R m y r q 3 q 1 s ¨ R m y r y 2. .  .  .  . .  .  .A r A r A r
  ..  . . .   ..  .  .But e R m s e A r q 1 r q 2 r2 and ¨ R m s r q 1 ¨ A soA r A r
that we would obtain
e A r q 1 r q 2 s 2 r q 1 ¨ A y 2 r y 4; .  .  .  .  .
i.e.,
2 r s r q 1 r q 2 e A y 2¨ A q 4 . .  .  .  .
 .  . <Since gcd r, r q 1 s 1, this would imply r q 1 2 which is impossible
 .because r ) 1. So R m cannot have minimal multiplicity.A r
 .5.13. Remark. Let A, m be a local Cohen]Macaulay ring. One could
also consider the minimal multiplicity property of multiform rings
 k .  . rgr m, m ; m , where k g N* . It follows from Proposition 1.5 andA r
 k .  k .Proposition 4.6 that if R I is simple, R I is Cohen]Macaulay withA r A r
 k .minimal multiplicity if and only if gr m, m ; m is Cohen]Macaulay withA r
minimal multiplicity.
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